SCATTERING THEORY FOR SCHRODINGER OPERATORS ON 
STEPLIKE, ALMOST PERIODIC INFINITE-GAP 
BACKGROUNDS 



KATRIN GRUNERT 



Abstract. We develop direct scattering theory for one— dimensional Schrodinger 
operators with steplike potentials, which are asymptotically close to different 
Bohr almost periodic infinite— gap potentials on different half— axes. 



1. Introduction 

One of the main tools for solving various Cauchy problems, since the seminal 
work of Gardner, Green, Kruskal, and Miura [10] in 1967, is the inverse scattering 
transform and therefore, since then, a large number of articles has been devoted to 
direct and inverse scattering theory. 

Given two (in general different) one-dimensional background Schrodinger oper- 
ators L± with real finite-gap potentials p±{x), i.e. 

(f 

(1.1) L±^~— +p±ix), xeR, 

one can consider the perturbed one-dimensional Schrodinger operator 

(f 

(1.2) -— +p{x), xeM, 
where p{x) satisfies a second moment condition, i.e. 

„2\ 



(1.3) ±/ {1 + x'')\p{x) ~ p±{x)\dx <oo. 

Jo 

Then one of the main tools when considering the scattering problem for the Schrodinger 
operator L, are the transformation operators which map the background Weyl solu- 
tions of the operators L± to the Jost solutions of L. In particular, if the background 
operators are well-understood, the transformation operators enable us to perform 
the direct scattering step, which means to characterize the scattering data and to 
derive the Gel'fand-Levitan-Marchenko equation. The starting point for the inverse 
scattering step is the Gel'fand-Levitan-Marchenko equation together with the scat- 
tering data, from which one deduces the kernels of the transformation operators 
and recovers the potential p{x). 

In much detail the scattering problem has been studied in the case where p{x) 
is asymptotically close to p±{x) = 0. For a complete investigation and discussions 
on the history of this problem we refer to the monographs of Levitan [17] and 
Marchenko |21j . Taking this as a starting point, two natural extension have been 
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considered. On the one hand the case of stephke constant asymptotics p±{x) — 
c±, where c-^ ^ c- denote some constants, has been investigated by Buslaev and 
Fomin [2 , Cohen and Kappeler [1], and Davies and Simon [5 . On the other hand 
Firsova ^ studied the case of equal periodic, finite-gap potentials p+{x) = p-{x). 
Rather recently, the combination of these two cases, namely the case that the initial 
condition is asymptotically close to steplike, quasi-periodic, finite-gap potentials 
P-{x) p+{x), has been investigated by Boutet de Monvel, Egorova, and Teschl 
[I] . Trace formulas in the case of one periodic background were given by Mikikits- 
Leitner and Teschl and a Paley- Wiener theorem in Egorova and Teschl 

Of course the inverse scattering theory is also the main ingredient for solving the 
Cauchy problem of the Korteweg-de Vries (KdV) equation via the inverse scattering 
transform [21 . Moreover, scattering theory is also the basic ingredient for setting 
up the associated Riemann-Hilbert problem from which the long-time asymptotics 
can be derived via the nonlinear steepest descent analysis (see |14) for an overview) . 
In the case of finite-gap backgrounds the Cauchy problem was solved by Grunert, 
Egorova, and Teschl [13], [8,. Note that the analogous Cauchy problem for the 
modified KdV equations can be obtained via the Miura transform 7\. The long- 
time asymptotics in case of one finite-gap background were recently derived by 
Mikikits-Leitner and Teschl i23j . 

Of much interest is also the case of asymptotically periodic solutions, which has 
been first considered by Firsova [9l. In the present work we propose a complete 
investigation of the direct scattering theory for Bohr almost periodic infinite-gap 
backgrounds, which belong to the so-called Levitan class. It should be noticed, 
that this class, as a special case, includes the set of smooth, periodic infinite-gap 
operators. 

To set the stage, we need: 

Hypothesis H. 1.1. Let 

0<E^<Et<---<E^<... 

be two increasing sequences of points on the real axis which satisfy the following 
conditions: 

(i) for a certain Z± > 1, Er=i(^2'«-i)'* (-^^^n " ^tn-i) < 0° "-^d. 
(ii) E2n+i — E^^_-^ > C^n"' , where and are some fixed, positive 
constants. 

We will call, in what follows, the intervals {E^j_^, E^^) for j = 1, 2, . . . gaps. In 
each closed gap [£^23-1' ^2j] i i = I7 2, . . . , we choose a point and an arbitrary 
sign af e {-1,1}. 

Next consider the system of differential equations for the functions jx^{x)^ a^{x), 
j — 1,2, which is an infinite analogue of the well-known Dubrovin equations, 
given by 



(1.4) ^ - - 2af{x)^-{^.f{x) - E^)^^.fix) - - -2, 

^^if{x)-Ef,_,,/J4ixj 



E^ 
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with initial conditions ^if{0) ~ fJ,f and (^f{0) — , j — 1,2, . . . Levitan [T7] . 
[T5] . and [12], proved, that this system of differential equations is uniquely solvable, 
that the solutions fx^{x), j = 1,2,... are continuously differentiable and satisfy 
nf{x) G E2j] for all a; € R. Moreover, these functions y^f{x), j = 1,2,... 

are Bohr almost periodic 0. Using the trace formula (see for example [T7] ) 

CO 

(1.5) p±{x) = + ^(i?2l-i + Et, - 2^if{x)), 

we see that also p±{x) are real Bohr almost periodic. The operators 

(1.6) L±:=-^+p±{x), dom(L±) - i/2(R), 

in L^(]R), are then called almost periodic infinite-gap Schrodinger operators of the 
Levitan class. The spectra of L± are purely absolutely continuous and of the form 

a± = [E^ ,Et]U---U [i?2± , + J U . . . , 

and have spectral properties analogous to the quasi-periodic finite-gap Schrodinger 
operator. In particular, they are completely defined by the series ^'jLli^J'f i<^f)^ 
which we call the Dirichlet divisor. These divisors are associated to Riemann sur- 

1 /2 

faces of infinite genus, which are connected with the functions Y^. (z), where 
(1-7) Y^{z) = -{z - E^) n \± 

and where the branch cuts are taken along the spectrum. It is known, that the 
Schrodinger equations 

(1.8) — + p±{x)'jy{x) ^ zy{x) 

with any continuous, bounded potential p±{x) have two Weyl solutions il}±{z,x) 
and 'ip±{z,x), which satisfy 

V'±(z, .) e i'(R±), resp. ^±(z, .) e ^'(Rt), 

for z e C\(T± and which are normalized by ^±{z,Q) = '4)±{z,Q) = 1. In our 
case of Bohr almost periodic potentials of the Levitan class, these solutions have 
complementary properties similar to the properties of the Baker- Akhiezer functions 
in the finite-gap case. We will briefly discuss them in the next section. 

The object of interest, for us, is the one-dimensional Schrodinger operator L in 
L2(M) 

(1.9) L := -—r + q{x), dom(L) ^ H^{R), 

ax 

with the real potential q{x) G C(R) satisfying the following condition 

/•iboo 

(1.10) ±/ (1 + \x\^)\q{x) - p±{x)\dx < oo, 

Jq 



We will use the standard branch cut of the square root in the domain C \ K+ with Im ^/z > 0. 
' For informations about almost periodic functions we refer to |20| . 
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for which we wiU characterize the corresponding scattering data and derive the 
Gel'fand-Levitan-Marchenko equation with the help of the transformation operator, 
which has been investigated in fl2) . 

2. The Weyl solutions of the background operators 

In this section we want to summarize some facts for the background Schrodinger 
operators L± of Levitan class. We present these results, obtained in [12], [17], [25] . 
and [26], in a form, similar to the finite-gap case used in [1] and [TT] . 

Let L± be the quasi-periodic one-dimensional Schrodinger operators associated 
with the potentials p±{x). Let s±{z,x), c±{z,x) be sine- and cosine-type solutions 
of the corresponding equation 



(2.1) [~d^^ p^^'''^) y'^''^ ^ ^y^^)' ^ ^ 

associated with the initial conditions 

s±{z,0) = 4(z,0) = 0, c±(0,O) = 4(z,0) = 1, 

where prime denotes the derivative with respect to x. Then c±{z,x), c'j_(z,x), 
s±{z,x), and s'^{z,x) are entire with respect to z. Moreover, they can be repre- 
sented in the following form 

, , / ^ N sin(-i/i'(a; — y)) , , , , , 
c± (z,x) ^ cos[Vzx) + / — p± (y)c± (z, y)dy, 

Jo 

, , sin(-i/za;) sin(^(x — y)) , , , , , 

s±{z,x) = ^ + / y ^'' p±{y)s±{z,y)dy 

Jo 

The background Weyl solutions are given by 

V'±(-2, = c±{z, x) + m±{z, 0)s±(z, x), 
resp. ?/'±(2:, x) — c±{z, x) + rh±{z, 0)s±(z, x), 

where 

ii±(z,x)±ri/'(z) ^ i/±(^,x)Ti^i/'(^) 

G±[z,x) G±{z,x) 
are the Weyl functions of L± (cf ^17 ), where Y±{z) are defined by ()1.7p . 

(2.4) G±(z,a:) = n ^~J' . and iJ±(z, x) = -— G±(z, x). 

Using (|1.4p and (|2.4p . we have 



(2.5) iJ±(z,a:)-- — G±(z,x)=G±(z,a;) 



2rf^ ' ^ ' '^£G±(m±(:c),:c)(z-a.±(x)) 



The Weyl functions m±(z,x) and m±(z,a;) are Bohr almost periodic. 

Lemma 2.1. The background Weyl solutions, for z G C, can he represented in the 
following form 

(2.6) ^ ^ 

= exp .n,(z,,)d,) . exp ( ± ^ ^(^'^^J > 
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and 

^,(z,.)=exp(^ fh^{z,y)dy) = ' exp (^T / ^^fv) ■ 

If for some e > 0, \z — ^^{x)\ > e for all G N and x € M, then the following holds: 
For any 1 > (5 > there exists an R > such that 



\^±iz,x)\ <eT(i-*)"i'"(^)(l + :^), for any \z\ 



> R, ±x> 0, 



\i^±(z,x)\ < e±(l-'^)^I'"(^^)fl + :(^y for any \z\ > R, ±x < 0, 

V \z\ ) 

where Dji denotes some constant dependent on R. 

As the spectra a± consist of infinitely many bands, let us cut the complex plane 
along the spectrum a± and denote the upper and lower sides of the cuts by a\ 
and a\.. The corresponding points on these cuts will be denoted by A" and A', 
respectively. In particular, this means 

/(A") :=lim/(A + i£), /(A') lim /(A - ie), A e a±. 

Defining 

2.7) 5± A) = TTITT' 

where the branch of the square root is chosen in such a way that 

(2.8) -ff±(A")=Im(.g±(A"))>0 for A G a±, 
1 

it follows from Lemma [2T1 that 

(2.9) W^(^±(^),^±(^)) = m±(z)-m±(z) =Tff±(^)~\ 

where W^(/, .g)(x) = f{x)g'{x) — f'{x)g{x) denotes the usual Wronskian determi- 
nant. 

For every Dirichlet eigenvalue = ^f{0), the Weyl functions m±{z) and m±(z) 
might have poles. If /x ■ is in the interior of its gap, precisely one Weyl function 



m± or m± will have a simple pole. Otherwise, if /i^ sits at an edge, both will have 



a square root singularity. Hence we divide the set of poles accordingly: 
M± — {fi^ I fi^ G {E2j_i, E^j) and m± has a simple pole}, 
M± — {^^ I G {Etj-i^ ^tj) ^i^d rh± has a simple pole}, 
M±^{fif\fife{Et^_,,E^^}}, 

and we set Mr,± = M± U M± U M±. 

In particular, we obtain the following properties of the Weyl solutions (see, e.g. 
0, m, HZ], and HH]): 

Lemma 2.2. The Weyl solutions have the following properties: 
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(i) The function '4^±{z,x) (resp. '0±(z,a;)j is holomorphic as a function of z in 
the domain C\{a±U AI±) (resp. C\{a±U M±)), real valued on the setM\a±, 
and have simple poles at the points of the set M± (resp. M±). Moreover, they 
are continuous up to the boundary U crj_ except at the points from A4± and 

(2.10) V±(A") = ^±(A') = iJ^, A e a±. 
For E G M± the Weyl solutions satisfy 

^±{z,x)=o(^--j2=^ , i}±{z,x)^o[-j2==^ , asz^EeM±, 

where the 0{{z — E)^^^^)-term is independent of x. 
The same applies to ^p'j.{z,x) and ip'j_(z,x). 

(ii) At the edges of the spectrum the Weyl solutions satisfy 

lira ip±(z,x) — il'±iz,x) — for E G da±\AI±, 

and 

'4'±{z,x) + ip±{z,x) ~ 0{1) for z near E £ M±, 
where the 0{l)-term depends on x. 

(iii) The functions ^±{z,x) and 4'±{z,x) form an orthonormal basis on the spec- 
trum with respect to the weight 

(2.11) dp±{z) = ■^g±{z)dz, 
and any f{x) € L^(M) can be expressed through 

(2.12) (^Jj{y)^P±{z,y)dy^i,±{z,x)dp{z). 

Here we use the notation 

f{z)dp±{z) := j f{z)dp±{z)~ j f{z)dp±{z). 

Proof. For a proof of (i) and (iii) we refer to [12] Lemma 2.2]. 

(ii) We only prove the claim for the + case (the — case can be handled in the same 

way) and drop the + in what follows. In '12', Lemma 2.2] we showed that 

r±l, p.,{Q) + E,p.j{x)i^E, 

(2.13) limexpfr^..U r'' J^J ^ ^' J'^J ^ ^' 
- Vio G(z,t) ; |±i, p0)^E,p,{x)i.E, 

t±i, p,{^)^E,p,{x)^E, 



z^E 



for any E E da. 

Thus assuming that pj{0) 7^ E, we can write along the spectrum 

^(.,.)-^(z,.).2.(^^j sm^ -^dr 



and lim^-i.^; ^i'''^} exists. Thus we end up with 



(i) If in addition pj (x) 7^ E, then by (|2.13p we have lim^^^ sin ( ^TFtT'^^ 



'0 G{z,t) 



G{zfi) 



lim ('ip(z, x) — ipiz, x)) — 0. 

z^E 
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(ii) If ^J,j{x) — E, then by p.l3|) we get lim^^^; sin ^ IKJTy'^'''^ ~ -^^ ^^'^ 
lim^^E §^f^ = 0. Hence 

lim {ip{z, x) — tpiz, x)) = 0. 
To prove the second claim, assume that /^j(0) = E and write 

(2.14) ^{z, x) - ^{z, x) = 2( §7^) cos ( f ^^^l^dr 



G{z,0)J yjo G(z,t) 

(i) If fJ.j{x) = E, then by p.l3p we get hm^^j.^ cos ^/g^ ^^j^dr^ = ±1 

and hm^^£; ^l^'^j exists. Therefore \its1z-:,e{'4'{z,x) — tp{z,x)) exists and 
especially 

iplzyx) — ^(z,x) — 0{1) for z near E = fij{0). 

(ii) If /ij(x) ^ E, we cannot conclude as before, because lim^^^; ^^^'^gj does 
not exist. Assume that E — E2j (the case E = i?2j-i can be handled in 
a similar way). Then we can seperate for fixed x e R the interval [0,x] 
into smaller intervals [xo,xi] U [xi,X2] U • • • U [x2/,a;] such that xq = 0, 
fj.j{xk) € {i?2j-i, E2j} for fc = 0, 1, 2, . . . , 21, Hj{x) is monotone increading 
or decreasing on every interval [xk,Xk+i] and /ij(a;o) — E2j — /ij(a;2/). 
Folowing the proof of [12l Lemma 2.2 (i)], one obtains for E ~ E2j that 



r = :.,2(/ + 1) arctan ^ 

Jo (^(Z,T) 



2j 



lUj arctan 



^E2j - iij[x)\ . — 

^z-E2, l+^^(v/^)' 



where the 0{^Jz — E2j) term depends on x. Using now that arctan(a;) 
^ + O (i) for a; — T' oo, we have 




where the 0{^J z — E2j) term depends on a;. Plugging this into (I2.14p 
yields 

-0(z, a;) — -0(2, a;) = 0(1) for z ne&r E — 
where the 0(l)-term depends on x. 

□ 
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3. The direct scattering problem 



(3.1 



Consider the Schrodinger equation 



dx 



2 +<iix) ) yix) = zy{x), z e 



with a potential q{x) satisfying the following condition 

"iboo 

„2\ 



(3.2) 



± 



{I + X )\q{x) — p±{x)\dx < oo. 



Then there exist two solutions, the so-called Jost solutions (j)±{z,x), which are 
asymptotically close to the background Weyl solutions tp±{z,x) of equation (|2.ip 
as X — ?> ±cxD and they can be represented as 

f iboo 



(3.3) 



(t)±{z,x) = i^±{z,x) ± 



K±ix,y)ip±{z,y)dy. 



Here K±{x, y) are real- valued functions, which are continuously differentiable with 
respect to both parameters and satisfy the estimate 

/•iboo 

(3.4) \K±{x,y)\<C±{x)Q±{x + y)^±C±{x) \q{t) ~ p±{t)\dt, 

J 

where C±{x) are continuous, positive, monotonically decreasing functions, and 
therefore bounded as a; — > ±oo. Furthermore, 



(3.5) 

and 

(3.6) 



dK±{x,y) 



dx 



± 



dK±{x,y) 



dy 



iboo 



(l + x^) 



dx 



< C±{x) 



K±{x,x) 



q± 



x + y 



Q±{x + y] 



dx < oo, Va G 



For more information we refer to |12j . 

Moreover, for A G (T± U (Tj_ a second pair of solutions of (|3.1I) is given by 

/•ioo 

(3.7) 0±(A,x) =^±(A,a:)± / K±{x,y)ij±{X,y)dy, Xea^Ua'^. 



Note ^±{\,x) = '>p±{X,x) for A e (Ti. 

Unlike the Jost solutions 4>±{z,x), these solutions only exist on the upper and 
lower cuts of the spectrum and cannot be continued to the whole complex plane. 
Combining ([^ . ([gTi)) . and ((XT)) , one obtains 

(3.8) W{ct>±{X),J^))=±g{X)-\ 

In the next lemma we want to point out, which properties of the background 
Weyl solutions are also inherited by the Jost solutions. 

Lemma 3.1. The Jost solutions (f)±{z,x) have the following properties: 

(i) The function (f)±(z,x) considered as a function of z, is holomorphic in the 
domain C\((t± U M±), and has simple poles at the points of the set M±. 
It is continuous up to the boundary cr!^ U a^. except at the points from M± . 
Moreover, we have 

(j)±{z,x) e L^{R±), zeC\a± 
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For E e M± they satisfy 



4>±{z,x) = Oy--j==j, asz^EeM±, 

where the 0{{z — E)^^^^)-term depends on x. 
(ii) At the hand edges of the spectrum we have the following behavior: 



\\m (t)±{z,x) — (t)±{z^x) = Q for E £ da±\M±, 



(f>±{z,x) + 4'±{z,x) = 0{1) for z near E (£ M±, 
where the 0{l)-term depends on x. 

Proof. Everything follows from the fact that these properties are only dependent 
on z and therefore the transformation operator does not influence them. □ 

Now we want to characterize the spectrum of our operator L, which consists of 
an (absolutely) continuous part, a — a+ U and an at most countable number of 
discrete eigenvalues, which are situated in the gaps, C IR\ct. In particular every 
gap can only contain a finite number of discrete eigenvalues (cf. [TS], [TB], and [Ml 
Thm. 6.12]) and thus they cannot cluster. For our purposes it will be convenient 
to write 

a = aWuaWua(2), 

with 

a_ n a+, = c1os((t±\(t(2)). 

It is well-known that a point A € M.\a corresponds to the discrete spectrum if 
and only if the two Jost solutions are linearly dependent, which implies that we 
should investigate 

(3.9) M/(z) :=M/(0_(z,.),0+(z,.)), 

the Wronskian of the Jost solutions. This is a meromorphic function in the domain 
C\(T, with possible poles at the points M+ U M_ U (M+ n M_) and possible square 
root singularities at the points (M+ U M_)\(M+ n M_). For investigating the 
function W{z) in more detail, we will multiply the possible poles and square root 
singularities away. Thus we define locally in a small neighborhood of the j'th 
gap [E^j_i, E^^], where j = 1, 2, . . . 

(3.10) (i>j,±{z,x) = 5j^±{z)(p±{z,x), 
where 

(3.11) <5,,±(z) 



else 



z-nf, i^^lfeM±, 



and 

(3.12) (j)j^±{z,x) = 6j^±{z)(p±{z,x), 
where 

if ^lf e A/±, 

(3.13) dj,±{z) ^{Jz-fif, if fif e Af±, 

else. 
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Correspondingly, we set 

(3.14) W{z) = W{^-{z,.),4>+{z,.)), W{z) = W{^.{z,.),^+{z,.)). 

Here we use the definitions 



(3.15) ^±{z,x) 



(3.16) ^±{z,x) 



0j,±(z,x), for z e Uf,j = 1,2,..., 
4'±{z, x), else , 



i)j,±iz,x), ior zeUj ,j = 1,2,..., 
f)±{z,x), else . 



and we will choose U+ = C/„, if [E+_^,E+] n [-^a^.i, i^am] ^ 0- Analogously, one 
can define S±{z) and S±{z). 

Note that the function W{z) is holomorphic in the domain n (C\(t) and 
continuous up to the boundary. But unlike the functions W{z) and W{z) it may not 
take real values on the set M\a and complex conjugated values on the different sides 
of the spectrum cr" U ct' inside the domains . That is why we will characterize 

the spectral properties of our operator L in terms of the function W{z) which can 
have poles at the band edges. 

Since the discrete spectrum of our operator L is at most countable, we can write 

it as 

•DO 

0-d = U 0-n C M.\a, 

n=l 

where 

O'n = {A„,l, . . . , A„_fc(n)}, nGN 

and k{n) denotes the number of eigenvalues in the n'th gap of a. 

For every eigenvalue Xn,m we can introduce the corresponding norming constants 

(3.17) {^t,m)~^ = I 4>l{Km,x)dx. 

Now we begin with the study of the properties of the scattering data. Therefore 
we introduce the scattering relations 



(3.18) T±{\)cl>^{X,x) = ^±{X,x) + R±{X)<l>±{X,x), A e a^'', 

where the transmission and reflection coefficients are deflned as usual, 



C^a, T Wi^±{X),^±{X)) WiM>^),cl>±{X)) 

Theorem 3.2. For the scattering matrix the following properties are valid: 



(i) r±(A") = T±(A') and i?±(A") = i?±(AO for X G a±. 

(ii) = i?±(A) for X e a'iK 
' ^ T±(A) ^ ' ^ 

(Hi) 1 - |i?±(A)|2 = ^^|r±(A)|2 for X e 

(iv) i?±(A)T±(A) + R^{X)T±{X) = /or A e tr^^). 
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Proof, (i) and (iv) follow from ([331), dHJl), (|3J9l) . and Lemma [22] 

For showing (ii) observe that (f>^(X,x) £ ffi. as A e int(cr£''), which implies (ii). 

To show (iii), assume A S intCT*^^\ then by p.lSp 

Thus using (|3.8p finishes the proof. □ 

Theorem 3.3. T/ie transmission and reflection coefficients have the following as- 
ymptotic behavior, as A — > cxd for A G ct^^^ outside a small e neighborhood of the 
band edges of tr^^^ ; 

R±i\) = Oi\X\-'/'), 
r±(A) = l + 0(|Ari/2). 

Proof. The asymptotics can only be valid for A S cr'^^'' outside an s neighborhood of 
the band edges, because the Jost solutions 4'± might have square root singularities 
there. At first we will investigate (A, 0), 0+(A, 0)): 

(3.20) 0-(A,O)(^;(A,O) = (^l + y i^-(0,y)V-(A,2/)dy 

X (m+{X)-K+{0,0)+ [ K+,,{0,y)i;+{X,y)dy 



Using (cf. (12:61) ') 

ip±{X,x) = m±{X,x)ip±{X,x), 



Hence 



we can write 

K^{Q,y)^^-{X,y)dy = f ^S^^^'_[X,y)dy. 

J_^m^{X,y) 

° K^(0,y)^_iX,y)dy = ^^^^^+hiX), 
-oo m_(A) 

Here it should be noticed that m±{X,y)~^ has no pole, because (see e.g. pTT] ) 
G± (A, y)N± (A, y) + i/± (A, y)2 = r± (A), 

where 



N±{X,y) = -iX-4iy))l[ 



3 = 1 2j-l 

with f^(y) G (— oo,_E^] and vf{y) G [^2^-11 -^2^]- Thus we obtain 

™,(A,y)-- G,(A,y) _ i/,(A,y)Tr,(A)V^ 



and therefore = '^(~7T 



i^±(A,2/)±l±(A)i/2 7V±(A,2/) 



12 



K. GRUNERT 



Moreover /i(A) = 0[-^) as the following estimates show: 



— OO 



<^f {\q{y)~P-{y)\ + Q-iy))dy, 

where we used that \i^±{X,y)\ — l^^jxfyl — 0(1) and m^^(A,y) — O (-^^ for all 
y by the quasi-periodicity, together with (jl.Sp and 

tpj-iX, x) = rn±(A, a;)^7/'±(A, a;) + m'j_(A, a;)'0± (A, x). 

Making the same conclusions as before, one obtains 

K+^^{0,y)i^+{X,y)dy^O{l). 

In a similar manner one can investigate 

</>'_(A,0)(/)+(A,0)-('m_(A)+i^_(0,0)+ / K^,,.{0,y)^-{X,y)dy 



(3.21) ""V^jo ^+(0:2/)V'+(A,2/)ci2/) , 

where 

if_,,(0,y)^_(A,y)dy = O(l) 



' K+{0, y)^+{X, y)dy = -^^^^ + /2(A), 

m+(A) 



/.(A) . - / ( i.,„(o, - i.,(0, y)^A\ ) rf., 

7o V rn+{X,y) m+{X,yY J 

and /2(A) — 0{-^j). Thus combining all the informations we obtained so far yields 

'rn+(A) — m_(A) ' 



M^(</)_(A),0+(A)) = m+(A) - m_(A) + i^_(0,0) 



m_(A) 



and therefore, using p.Sp . 

1 



r±(A) = 1 + 



Analogously one can investigate the behavior of ( A) , 0± (A) to obtain R± (A) = 

Theorem 3.4. The Junctions T±{X) can he extended analytically to the domain 
(a U Af± U M±) and satisfy 



(3.22) rj. I \ . - rr. , \ . =■ W (z) , 

where W{z) possesses the following properties: 
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(i) The Junction W is holomorphic in the domain n (C\ct), with simple 
zeros at the points Xk, where 

(3-23) [^^^'^) =«.V.)"'- 

Besides it satisfies 

(3.24) #(A") = W{X'), AeC/fncr and W(X)eR, A G C/± n (R\<t). 

(ii) The function W{z) is continuous on the set Up H C\cr up to the boundary 
ct' U cr". It can have zeros on the set da U {da'^^^ n da''^^) and does not 
vanish at any other points of a. IfW{E) = as E Cz daU {da'^^ D Sct'l''), 
then W{z) = y/I^iC{E) + o{l)), C{E) ^ 0. 

Proof. (i) Except for (j3.23p everything follows from the corresponding prop- 

erties of (/)±(z,a;). Therefore assume W{Xq) — for some Aq G C\cr, then 

(3.25) 0±(Ao,a;) = c±(^^(Ao,a;), 

for some constants c±, which satisfy c_c+ = 1. Moreover, every zero of W 
(or outside the continuous spectrum, is a point of the discrete spectrum 
of L and vice versa. 

Denote by 7-1- the corresponding norming constants defined in (I3.17P for 
some fixed point Aq of the discrete spectrum. Proceeding as in [21j one 
obtains 

d ~ f^°° ~ 

(3.26) W^(0±(Ao,O),— 0±(Ao,O)) 0^(Ao,x)dx. 

Thus using ([3:25)) and ((XMl) yields 

(3.27) 7±' = Tc±/ 4>U^o,x)dx± 4>±i^o,x)dx 

Jo Jo 

- TclW{4>^ (Ao , 0) , (Ao , 0)) ± W{4>± (Ao, 0) , (Ao , 0)) 

= c±^W^(^_(Ao),^+(Ao)). 

Applying now c_c-|_ — 1, we obtain (13.231) . 

(ii) The continuity of W{z) up to the boundary follows immediately from the 
corresponding properties of 4>±{z,x). Now we will investigate the possible 
zeros of W{X) for A e cr. 

Assume M^(Ao) = for some Aq £ int(cr(^^). Then </)+(Ao, x) — c<j)-{Xo,x) 
and (/»+(Ao, x) —c4>^{Xo,x). Thus (</)+, 0+) = |cpVF((/)_, </)_) and there- 
fore sign(;+(Ao) — — signg_(Ao) by (13. 8|) . contradicting (|2.8p . 

Next let Ao G int(f7£^) and W^(Ao) = 0, then (f>±{Xo,x) and 4'±i^o,x) 
are linearly independent and bounded, moreover 0^(Ao, x) G M. Therefore 
W{Xo) = implies that 0^ = cf(j)± = cj0± and thus W{(/)±,(l)±) — , 
which is impossible by p.Sp . Note that in this case Aq can coincide with 
a pole /X G Mip. 

Since W(A) 7^ for A G int(CT(2))uint(cr^^^)Uint(CTL^^), it is left to inves- 
tigate the behavior at the band edges of ct+ and a- . Therefore introduce 
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the local parameter r — \/ z ~ E in a small neighborhood of each point 
E e d(T± and define y{z,x) — -^y{z,x). A simple calculation shows that 
^{E) — 0, hence for every solution y{z,x) of p.ip . its derivative y{E,x) 
is again a solution of p. II) . Therefore, the Wronskian W{y{E),y{E)) is 
independent of x. 

For each a; G R in a small neighborhood of a fixed point E E da± we 
introduce the function 



'ii}±,E{z,x) = 



il)±(z,x), Eeda±\M±, 
jij±(z,x), E £ M±. 

Proceeding as in P3 Lem. B.l] one obtains 
(3.28) wU±ME),:r^±,E{E)) ^± hni — 

where a = -1 ii E e da±\M± and a = 1 if € M±. 

Using representation (|2.6p for 1/1^(2, x) one can show (cf [12 ), 

= f „p fi „„ /- Mi)^,.) . E e a. 

where 



G±{E,0)J "V -^^^Jo G±(z,r) 



^+1, A*, ^i?,/ij(-^) -i^, 
exp(±lim/ ^.O-iT' '^^-^''^^t!^^' 

' g±(z,t) ; ]i2^ ^l,=E,^l,{x)^E, 

fij ^ E.fijix) ^ E, 



¥E 



for s e {0, 1}. Defining 

'0±(A,x), Eeda±\M±, 



0±,E 



(A, a;) 



r(/>±(A,x), EeM±, 
we can conclude using p.3p that 



(3.29) 0±(i;,a;) = (?!)±(£;,a;), for £; e 9cr±\M±. 

Moreover, for € M±, 



(3.30) 



^±.e{E,x) = —(j)±,E{E,x), a left band edge from (t±. 



\4'±.e{E,x) — (f>±^EiE,x), a right band edge from a±. 

If Xo ^ E e dcr'^^^ n int(cr±) C int(CT±), then W{E) = if and only if 
W{tp±,ii(jzp^E){E) = 0. Therefore, as (j):f^E{E,.) are either pure real or 
pure imaginary, W{(j)±,(j)zfz^E)(E) = 0, which implies that (j)±{E,x) and 
(j)±{E,x) are linearly dependent, a contradiction. 

Thus the function W{z) can only be zero at points E of the set da U 
(i9(j^^-* Oda'^^^). We will now compute the order of the zero. First of all note 
that the function W{\) is continuously differentiable with respect to the 
local parameter t. Since -^{5+6-){E) = 0, the function W{4>+,E,<t>-.E) 
has the same order of zero at E as W{\). Moreover, if 5±{E) ^ 0,then 
■^5±{E) = and if 5-{E) = 5+{E) = 0, then ■^{t-^5+5-){E) = 0. 
Hence £W{E) = if and only if ^VK(0+,£;, ^-^e) = 0. 
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Combining now all the informations we obtained so far, we can conclude 
as follows: if W{E) — 0, then 4'±,EiE, .) = c±4iz^^e{E, .), with c_c+ = 1. 
Furthermore we can write 

Wi$+,E, 4>-.e){e) = W{^4>+,E, i-,E){E) - W{^4>-.E. 4>+,e){e) 

= c_M/(|:0+,B, h,E){E) - c+W{^^^^E. 4>^.e){E) 
= c.W{-f^l^+,E, ^+,e){E) - C+W{^ij-.E, ^-,e){E). 

ClT dT 

Using p.28p . p. 291) . (I3.30p . and distinguishing several cases as in Lem. 
B.l] finishes the proof. 

□ 

Theorem 3.5. The reflection coefficient R±{X) satisfies: 

(i) The reflection coefficient R±{X) is a continuous function on the set int(cr!^''). 
(ii) If E Cz 9(7+ n 9(T_ and W{E) ^ 0, then the function R±{X) is also contin- 
uous at E. Moreover, 



R±{E) = 



-1 for E M±, 
1 for E e M±. 



Proof. (i) At first it should be noted that by Lemma 13.21 the refiection co- 

efficient is bounded, as > for A G int(cr(^)). Thus, using the 

corresponding properties of 0±(z,x), finishes the first part, 
(ii) We proceed as in the proof of pT] Lemma 3.3 IIL(b)]. By p.l9p the reflec- 
tion coefficient can be represented in the following form: 



^^•^'^ ~ "m0±(A)>^(A)) - ^ mx) ' 

and is therefore continuous on both sides of the set int((7±)\(Afzp U M^) 
Moreover, 



m0±(A),0T(A)) 



|i?±(A)| 

W{X) 

where the denominator does not vanish, by assumption and hence R±{X) 
is continuous on both sides of the spectrum in a small neighborhood of the 
band edges under consideration 



Next, let E G {Ef._i,E^.} with W{E) ^ 0. Then, \i E M±, we can 



write 



W(X) 



which implies i?±(A) — > — 1, since (i>±{X) — ?!'±(A) — > by Lemma [3.11 as 

A — > i?. Thus we proved the first case. 

If £; e M± with 7^ 0, we use (P3T|) in the form 

^ ^ ^ ^ ^j-.±(A)W-(0±(A) + 0^(A),0^(A)) 
' WiX) 



16 



K. GRUNERT 




Figure 1. Contours T^^n 

which yields i?±(A) -> 1, since Sj^±{X) and 0±(A) + (j)±{X) = 0{1) by 
Lemma [3. II as A — > This settles the second case. 

□ 

4. The Gel'fand-Levitan-Marchenko Equation 

The aim of this section is to derive the Gel'fand-Levitan-Marchenko (GLM) 
equation, which is also called the inverse scattering problem equation and to obtain 
some additional properties of the scattering data, as a consequence of the GLM 
equation. 

Therefore consider the function 

G±{z,x,y) = T±{z)(j)^{z,x)ip±{z,y)g±{z) - ^±{z, x)t(;±{z,y)g±{z) 
:= G'±{z,x,y) + G'l{z,x,y), ±y > ±x, 

where x and y are considered as fixed parameters. As a function of z it is meromor- 
phic in the domain C\a with simple poles at the points A^ of the discrete spectrum. 
It is continuous up to the boundary ct" Ucr', except for the points of the set, which 
consists of the band edges of the background spectra da+ and da- , where 

(4.1) G±{z,x,y) ^ Oiiz^ E)-^/^) as Eeda+Uda^. 

Outside a small neighborhood of the gaps of cr+ and (t_, the following asymp- 
totics as z — )■ oo are valid: 

</>^(z, x) = eT'v/^-(i+0(^)) (l + Oiz-'/')) , .9±(z) = ^ + O(z-i), 

i^±{z, x) = eTiV^^(i+o(^)) (1 ^ O(z-i)) , r±(z) = 1 + 0{z-^/^), 

^±(z,y) = e±'^^(i+o(^» (l + 0(z-i)), 

and the leading term of (t>z^{z, x) and ip±{z, x) are equal, thus 

(4.2) G±(z,x,2/) =e±'^(«-")(i+°(^»0(z-i), ±y > ±x. 

Consider the following sequence of contours T^^n,±, where Ts^n,± consists of two 
parts for every n G N and e > 0: 
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(i) Ce,n,± consists of a part of a circle which is centered at the origin and has 
as radii the distance from the origin to the midpoint of the largest band of 
[E^„, E^^^^], which lies inside cr'^', together with a part wrapping around 
the corresponding band of cr at a small distance, which is at most e, as 
indicated by figure 1. 

(ii) Each band of the spectrum cr, which is fully contained in Ce.n,±, is sur- 
rounded by a small loop at a small distance from a not bigger than e. 

Wd.o.g. we can assume that all the contours are non-intersecting. 
Using the Cauchy theorem, we obtain 

— ■ </" G±{z,x,y)dz= ResG'±(z, a;, y), e > 0. 

•^^^•"•± Afceint(r,,„,±) 

By (|4.ip the limit value of G±{z, a;, y) as e — J' is integrable on cr, and the function 
G'j_{z, X, y) has no poles at the points of the discrete spectrum, thus we arrive at 

(4.3) TT^ / G±(z,x,y)dz = V ResG"±(z,x,y), ±y > ±x. 
Zni /p , ^ — ' Afc 

■^^"■"'i AfcGint(ro.„.±) 

Estimate (14. 2p allows us now to apply Jordan's lemma, when letting n — oo, and 
we therefore arrive, up to that point only formally, at 



(4.4) -ir /G±(A,a;,y)dA= ^ ResG'±(A,x,y), ±y > ±a 

27ri ^ Afc 

Next, note that the function G'j_{X,x,y) does not contribute to tl 
ga . since G'X(A",x,y) = G'X(A',a;,y) for A G cr^^^ and, hence £^(i) G'l{X,x,y)dX 



ZX. 

Ai. ■ 

Next, note that the function G'j_{X,x,y) does not contribute to the left part of 

.(1) 

.......... 

0. In addition, G'j.{X, x, y)dX = for x 7^ y by Lemma [2?2] (iv) . 
Therefore we arrive at the following equation, 

(4.5) -ir / G'±(A,a;,y)dA= ^ IlesG'±(A,x,y), ±y>±x. 

To make our argument rigorous we have to show that the series of contour 
integrals along the parts of the spectrum contained in Go,ra,± on the left hand side 
of (j4.3p converges as n — 00 and that the contribution of the integrals along the 
circles Go,n,± converges against zero as n — cx), by applying Jordan's lemma. This 
will be done next. 

Using ((2T2)) . (|33)) . ([XT]) , and ([3J8)) . we obtain 

^ ^ G'^{X,x,y)dX^ (f T±{X)4>^{X,x)^±{X,y)dp±{X) 



R± (A)0± (A, x) + </.± (A, x) U± (A, y)dp± (A) 



i?± (A)V'± (A, x)i;± (A, y)dp± (A) + f V± (A, x)^± (A, y)cfp± (A) 
±[ dtK±{x,t)(<f R±iX)^p±{X,t)^±{X,y)dp±{X)+S{t-y) 
■.Fr,±{x,y)± / K±{x,t)Fr,±(t,y)dt + K±(x,y), 

J X 
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where 



^r,±(a;,y)= S R±iX)ip±{X,x)ip±{X,y)dp±{X). 

Now properties (ii) and (iii) from Lemma 13.21 imply that 

|i?±(A)|<l for A€int(CT(2)), |i?±(A)| = 1 for A G 
and by (12.61) we can write 

Fr,± ix,y) ^ (b R± (A)V'± (A, x)ij± (A, y)dp± (A) 

= £ i?±(A)^^±i^^§^ exp(,±(A, .) + ,±(A, y))dX, 

with 



77± (A, x) ± / , rfT e iM. 

We are now ready to prove the following lemma. 
Lemma 4.1. The sequence of functions 

Fr,n,±ix,y)= f R±{X)ip±iX,x)ip±{X,y)dp±{X), 

is uniformly bounded with respect to x and y, that means for all n G N, \Fr^n.± {x, y) \ < 
C. Moreover, Fr^n,±{x,y) converges uniformly as n ^ oo to the function 



Fr,±{x,y)^ (t> R±iX)ip±{X,x)tp±{X,y)dp±{X), 

J a± 

which is again uniformly bounded with respect to x and y. In particular, Fr^±{x,y) 
is continuous with respect to x and y. 

Proof. For A G (7± as A — ?> oo we have the following asymptotic behavior 
(i) in a small neighborhood V^^ oi E — 



|i?±(A)V±(A,x)^±(A,y)g±(A)| =0 



VA(A~B) 

(ii) in a small neighborhood of E — E^, if e (t± 

i?±(A)V±(A,x)V±(A,2/)5±(A) = 0(-^), 

(iii) and for A e <j±\ {JneniVn U W^) 
(4.6) 

i?±(A)V±(A, a;)V±(A,y)5±(A) = exp(±iVA(|a;| + |y|)(l + 0{j)))[j + o[^)). 

These estimates are good enough to show that Fr^±{x,y) exists, if we choose 
and in the following way: We choose C a'^^ U a^'^\ if E^ is a band edge 
of cr^-*, such that consists of the corresponding band of cr^'' together with the 
following part of cr'"^^ with length E^ — E^_^, if n is even and E^j^-^ — E^ , if n 
is odd. If _B+ is a band edge of cr^^', we choose C (t'^\ where the length of 
is equal to the length of the gap pf a± next to it. We set C cr^^^ with 
length 2>{E^ — E^_{), if n is even and 3(i5^_^;^ — E^), if n is odd, centered at the 
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midpoint of the corresponding gap in CTip . As we are working in the Levitan class 

and we therefore know that J^'^^ii^^n-iY i^2n ~ ^2n-i) < °^ f^'' some l"^ > 1, 
we obtain that the sequences befonging to and converge. 

As far as the behavior along the spectrum away from the band edges of ct+ and 
(T_ is concerned observe that 

I exp(±iVA(x + y)0{j))\ < 1 + (x + X^oo. 

and therefore 

(4.7) i?±(A)^±(A,a;)V'±(A,y).g±(A) =exp(±iVA(a;+y))(y + (l+a:+y)o(^ 



To show the convergence of the series Fr.±{x,y) for fixed x and y, we split the 
integral along the spectrum cr up into three integrals along [jn^f^V^, UnsN^??' 
and a\ \J„^fi{V^ U W^) respectively. 

As far as the integral along [Jn^jq Kf"^ is concerned observe that the integrand 
has a square root singularity at the boundary and is therefore integrable along 
for all n G N. Since we are working within the Levitan class the sum over all n € N 
converges. 

The integrand can be uniformly bounded for all A e W.^ such that A > 1. Since 
there are only finitely many n g N such that C [0, 1], the corresponding series 
converges by the definition of the Levitan class. 

Thus it is left to consider the integral along cr\lj„gpj(y^ U W^):=l. Direct 
computation yields 



f C 2C 

/ exp(±iyA(x + y))-dX = ±exp(±iVA(x + y)) ..,,,, ^ , |!^ 

± / eTip{±iVX{x + y))—rjj-, — ■ — rdX, 
J a iX^^'^{x + y) 

which is finite since by assumption ±x < ±y. Hence one possibility to see that 
the corresponding series of integrals converges is to integrate first the function 
describing the asymptotic behavior along [E^ , oo] and substract from it the series 
of integrals corresponding to the [E^ ^ oo] Hl'^. Since every interval belonging to the 
complement belongs to a neighborhood of the gaps of a^^^ and the integrand can 
be uniformly bounded, the definition of the Levitan class implies that this series 
converges. 

Similarly we conclude 

' exp(±iVA(x + y)){x + y)0{^)dX = exp(±iVA(x + y))0{j)t 

b I 

exp(±i\/A(a; + y))0(^)dA 

Note that since we are working within the Levitan class all estimates are inde- 
pendent of X and y. □ 



For investigating the other terms, we will need the following lemma, which is 
taken from [9] : 



20 



K. GRUNERT 



Lemma 4.2. Suppose in an integral equation of the form 

(4.8) f±ix,y)± K±{x,t)f±{t,y)dt = g±ix,y), ±y > ±x, 

J X 

the kernel K±{x^ y) and the function g±{x^ y) are continuous for zby > zbx, 

\K±{x,y)\<C±{x)Q±(x + y), 
and for g±{x, y) one of the following estimates hold 

(4.9) \g±{x,y)\<C±{x)Q±{x + y), or 

(4.10) |g±(x,2/)| <C±(x)(l+max(0,±a:)). 
Furthermore assume that 

± {1 + \xf)\q{x) - p±{x)\dx <oo. 



Then (14.81) is uniquely solvable for f± (x, y) . The solution f± {x, y) is also continuous 
in the half-plane ±y > ±x, and for it the estimate (14.91) respectively (j4.10p is 
reproduced. 

Moreover, if a sequence gn,±ix,y) satisfies ()4.9|) or ()4.10p uniformly with respect 
to n and pointwise gn,±ix,y) — >■ 0, for zLy > zLx, then the same is true for the 
corresponding sequence of solutions fn,±{x,y) of 



Proof. For a proof we refer to [9] Lemma 6.3]. □ 

Remark 4.3. An immediate consequence of this lemma is the following. If\g±{x,y)\ < 
C±{x), where C±{x) denotes a bounded function, then \g±{x,y)\ < C±(x)(l + 
max(0, ±a;)) and therefore \ f±{x,y)\ < C±(x)(l +max(0,±x)). Rewriting this in- 
tegral equation as follows 

/•iboo 

f±ix,y) ^ g±{x,y)T / K±{x,t)f±{t,y)dy, 

J X 

we obtain that the absolute value of the right hand side is smaller than a bounded 
function C±{x) by using (jl.lOl) and (j3.4[) . and hence the same is true for the left 
hand side. In particular if C± {x) is a decreasing function the same will be true for 
C±{x). 

We will now continue the investigation of our integral equation. 
Lemma 4.4. The sequence of functions 

Fh.n,±ix,y)= I |r^(A)|V±(A,a;)V±(A,y)dp^(A) 

Ja<!''"nro,„,± 

is uniformly bounded, that means for all n G N, \F]-in,±{x,y)\ < C±{x), where 
C±{x) are monotonically decrasing functions as x ^ ±oo. Moerover, Fii n^±{x,y) 
converges uniformly as n ~> oo to the function 

Fh,±{^,y)^ 1^^ |r^(A)|V^±(A,a;)V±(A,2/)dpT(A), 

which is again bounded by some monotonically increasing function. In particular, 
Ffi ±{x,y) is continuous with respect to x and y. 
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Proof. On the set a^'' both the numerator and the denominator of the function 
G'j_{X, x,y) have poles (resp. square root singularities) at the points of the set 

cr^^^ n (M± U {da'^^ n da'L^)) (resp. a'^^ n (Mzp\(Mzp n M±)) , but multiplying 
them, if necessary away, we can avoid singularities. Hence, w.l.o.g., we can suppose 
a^^ n {Mr,+ U Mr-) = 0. Thus we can write 

-^^ / G'±(A,x,2/)dA T±(A)^^(A,a:)V'±(A,y)5±(A)dA. 

For investigating this integral we will consider, using p.lSp . 
1 



^ r^(A)</.^(A,a:)^±(A,y)g^(A)dA 

^ 0^ (A, x) [M\y) + Rt (A)</'t (A, y)) 5t (A)dA. 

First of all note that the integrand, because of the representation on the right hand 
side, I 
have 



27ri 

i,nd, because of the representatii 
side, can only have square root singularities at the boundary dcr^^^ and we therefore 



/ \cj,^{\x)U^{X,y)+R^{\)cl,^{\y))g^{X)\dX 



<2 / ^ |0^(A,x)<^^(A,2/)5T(A)|dA 



(l)r 



where E^^i-i ^^'^ -^2ri denote the edges of the gap of a± in which the corresponding 



part of cr^ lies and C±{x) denote monotonically decreasing functions from now 



on. Therefore as we are working in the Levitan class and by separating a^"^ into 



the different parts, one obtains that 

1-^^ / r±(A)0^(A,a;)<^±(A,2/).9±(A)dA| < C±{y)C±ix). 

Thus we can now apply Lemma 14.21 and hence 

1-^ / r±(A)0^(A,x)V'±(A,2/)5±(A)dA| <C±(2/)C±(a;)(l+max(0,±y)). 

Note that we especially have, because of p.4p . 

|^£^^T±(A)0^(A,x)0±(A,y)g±(A)dA| < C±(x) 

Therefore we can conclude that for fixed x and y the left hands side of (|4.5I) exists 
and satisfies 

\^ i r±(A)0^(A,a;)V'±(A,2/)<7±(A)dA| < C±(x), 
27ri J„m 
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and hence 

, 1 



o • ^ ^^G'±{z,x,y)dz\ < C±{x). 
Zni 



We will now rewrite the integrand in a form suitable for our further purposes. 

(i; 



Namely, since V'±(A, a;) G M as A G cr^^'', we have 



Moreover, (I3.18P and Lemma [3.21 (ii) imply 
Therefore, 



(/)zp(A,x) </)=f(A,x) 



WiX) W{X) 



dX 



^ 2Re{T-HX)W{X))T^{X) r^(A)0±(A) 
^'^^^''"^ mA)P 

But by ((3:22)) 

r-i(A)Ty(A) = \W{X)fg^{X) e iM, for A e 

and therefore the first summand of (|4.1ip vanishes. Using now W = (T^g^)^^ we 
arrive at 



(/)=F(A,a;) (t)T{\x) _ 2 



and hence 

"±00 

r?', (X. X. v)dX = Fu ^(x. v) + I 

27ri 



T^{Xrg^iX)cly±{X,x) 



/ G'± (A, X, y)dX = Fh,±{x, y) ± [ K± (x, t)Fh,± {t.y)dt, 



where 



and 



Fh,±{x,y)^ I |r^(A)|V^±(A,a;)V±(A,2/)dp^(A), 



|i^?.,±(a:,J/)| <C±(x)C±(2/) 
by Lemma 14.21 The partial sums Fh_n,±{x,y) can be investigated similarly □ 

We will now investigate the r.h.s. of (j4.3p and (14.51) . Therefore we consider first 
the question of the existence of the right hand side: 

To prove the boundedness of the corresponding series on the left hand side, it 
is left to investigate the series, which correspond to the circles. We will derive 
the necessary estimates only for the part of the n'th circle Kfi^_^, where Rn,± 
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denotes the radius, in the upper half plane as the part in the lower half plane can 
be considered similarly. We have 



I / G±{z,x,y)dz\ < f Ce 



±'/R.{x^y){l-u)sin(e /2) 

7r/2 



Jo 

I-7T/2 



< I Ce^^^^-^'^i-'^^^^dT? 
Jo 

< (7 I ^±VR{x-y)(l-i^)2^,§ 

- ^{x-y){l-v) '°' 

where C and v denote some constant, which are dependent on the radius (cf. 
Lemma 12. ip . Therefore as already mentioned the part belonging to the circles 
converges against zero and hence the same is true for the corresponding series, by 
Jordan's lemma. 

Thus we obtain that the sequence of partial sums on the right hand side of (|4.3p 
and (|4.5p is uniformly bounded and we are therefore ready to prove the following 
result. 

Lemma 4.5. The sequence of functions 

Fd,n,±{x,y)= ^ hkf^±i^k,x)4'±{^k,y) 

is uniformly bounded, that means for all n Cz N, \Fd^n.±{x,y)\ < C±{x), where 
C±{x) are monotonically increasing functions. Moreover, Fd^n,±ix,y) converges 
uniformly as n oo to the function 

Fd,±{x,y)^ ^ (7fc )^V'±(Afc,x)Vi±(Afc,2/), 

which is again bounded by some monotonically increasing function. In particular, 
Fd,±{x,y) is continuous with respect to x and y. 

Proof Applying ([331), (EH, ((3T5|) . ([3:25)) . and ^^io the right hand side of 
(|431) . yields 



4>^{X,x)i>±{X,y) 



^ sr^ 0±(Afc,x)Vi±(Afc,?/) 

= - E (7^)^0±(Afc,a;)'0±(Afe,?/) 

^-FdMx,y)T / K±{x,t)Fd,±{t,y)dt, 

where 
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Thus we obtained the fohowing integral equation, 



(4.12) Fd^±{x,y) = -K±{x,y)-F,,±ix,y)T K±{x,t)F,^±{t,y)dt 

J X 

T / K±{x,t)Fd,±{t,y)dt, 

which we can now solve for Fd^±{x, y) using again Lemma |4?2] and hence ^^,±(2;, y) 
exists and satisfies the given estimates. The corresponding partial sums can be 
investigated analogously using the considerations from above. □ 

Putting everything together, we see that we have obtained the GLM equation. 
Theorem 4.6. The GLM equation has the form 

/•itoo 

(4.13) K±{x,y)+F±{x,y)± K±{x,t)F±{t,y)dt = 0, ±{y - x) > 0, 

J X 

where 
(4.14) 



F±ix,y)^ f R± (A)V'± (A, x)^± (A, y)dp± (A) 

|r^(A)PV±(A,a:)V±(A,2/)dp^(A) 

Y.^l^')^^±i^k,x)^±iXk,y). 



(1)," 

=F 



fc=l 



Moreover, we have 



Lemma 4.7. The function F±{x,y) is continuously differentiable with respect to 
both variables and there exists a real-valued function q±{x), a; G IR. with 



± 



±00 



(1 + x'^)\q±{x)\dx < 00, for all a € R, 



such that 
(4.15) 

(4.16) 

(4.17) 

where 



± 



F±{x,y)\<C±{x)Q±{x + y) 
x + y 



<C±{x) 



q± 



+ Q±{x + y) 



—F±{x,x) 
dx 



(1 + x^)dx < 00, 



f ±00 

)±(x)=±/ \q±{t)\dt, 



and C±{x) > is a continuous function, which decreases monotonically as x 
±00. 
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Proof. Applying once more Lemma 14.21 one obtains (|4.15p . Now, for simplicity, we 
will restrict our considerations to the + case and omit + whenever possible. Set 
Qi{u) = Q{t)dt. Then, using p.2p . the functions Q{x) and Qi[x) satisfy 



Qi{t)dt <oo, / Q{t){l + \t\)dt <oo. 

J a 

Differentiating f|4.13p with respect to x and y yields 

\F,{x,y)\ < \K^{x,y)\ + \K{x,x)F{x,y)\+ / \K^{x,t)F{t,y)\dt, 



Fy{x,y) + Ky{x,y)+ / K{x,t)Fy{t,y)dt ^ 0. 

J X 

We already know that the functions Q{x), Qi{x), C{x), and C{x) are monotonically 
decreasing and positive. Moreover, 



+ Q{x + t))Q{t + y)dt < {Q{2x) + Qi{2x))Q{x + y), 



thus we can estimate Fx{x,y) and Fy{x,y) can be estimates using p.5|) and the 
method of successive approximation. It is left to prove (|4.17p . Therefore consider 
(|4.13p for X = y and differentiate it with respect to x: 



dF{x,x) dK{x,x) 



K{x,x)F{x,x)+ / {K^{x,tF{t,x) + K{x,t)Fy{t,x))dt = 0. 



dx dx 
Next ((Xil) and imply 

\K{x,y)F{x,x)\ < C{a)C{a)Q'^{2x), for x > a, 
where + x'^)Q'^{2x)dx < oo. Moreover, by (153)) and (|i?TBl) 

\KUx,t)Fit,x)\ + \Kix,t)F;^{t,x)\<4Cia)C{a)[\q[^)\Qix + t) + Q^{x + t)}, 
together with the estimates 

) /"OO /"OO />oo 

dx x" I Q\x + t)dt < / \x\Q{2x)dx sup / \x + t\Q{x + t)dt < oo, 

Ja x>a J X 



{^^)\Q{x + t)dt 



< 



< 



and 



Q{2x)dx sup 

x>a J X 



we arrive at (I4.17p . 



[^^)\{l + {x + tf)dt<^, 



□ 



In summary, we have obtained the following necessary conditions for the scat- 
tering data: 

Theorem 4.8. The scattering data 

S = [r+{\), r+(A), A e af- i?_(A), T_(A), A e a'^J- 



(4.18) 



Ai,,A2,---eM\((T+U(7_), 7^,72=^ 



-} 
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possess the properties listed in Theorem \3.2\. [373\ \3.4\ and \3.5l and Lemma \4-. 1\ \4-4\ 
and \4-5\ The functions F±(x,y) defined in ()4.14p . possess the properties listed in 
Lemma \4.7\ 

Acknowledgements. I want to thank Ira Egorova and Gerald Teschl for many 
discussions on this topic. 
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